Taylor and Maclaurin Series:

Why would we want to express a function f as a power series?
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Definition: Taylor Series and Maclaurin Series

Given a function f with derivatives of all orders throughout an open interval containing a, the power

series

Zf (a) =f@) +f'(@x~-a)+ —;(f'—)(x -a)? + —m(—(x a)® +

n=0

is called the Taylor series generated by f about a. The Taylor series generated by f about 0 is also
known as the Maclaurin series generated by f.

Definition: Taylor Polynomial of Order n

Given a function f with derivatives up through order N throughout an open interval containing a, the
polynomial

Pal®) = }:f @ -

=f(a) +f’(a)(x -a)+ ”_((x a)2 i o2 G f(:l)fa)(x _ a),,
forn € {0, 1, ..., N}

is called the Taylor polynomial of order n generated by f about a. If a = 0, the Taylor polynomial is
also known as the Maclaurin polynomial.
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Example 1. Find the Taylor series expansion of f(x)=—
X

about x =4 and determine where it converges to f.
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Example 2. Find the Maclaurin polynomials for f(x)=e".
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Theorem: Taylor's Theorem

If f and its derivatives up through f ™ are all continuous on the closed interval [a, b] and if f +1) exists
on the open interval (a, b), then there is a number ¢ € (g, b) such that

] n) (n+1)
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Formula: Taylor's Formula

If f has derivatives of all orders throughout an open interval I containing a, then for each natural number n

and foreachx € I,
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where ¢ is some number between a and x. Defining p,(x) and r,,(x) as above, we can write
f(x) = pu(x) + rn(x), where p, is a polynomial of degree at most n and r,, is called the remainder (or

error) of ordern .

Example 3. Show that for all x, = Z _x_'
n=0 n.
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Example 4. Show that for all x, sinx= 2 -1 i; ;
n=0 h:
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Example 5. The famous normal curve from probability and statistics

2

is given by f(x)= % e ? . The chance that an event will occur is
2r

x2

often given by e ? dx. How are such integrals evaluated?
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Example 6 Find the Taylor series approximation of the definite integral

e z dx that guarantees an error of at most 0.01.

ffz;

A 2n+/

= L > ) A
7Y/ S Q% . n! (2a%)

)

_ J_ 3 no /
Jan Z(/)a"'ﬂf(o?nﬁ)

n=z

whene. n=4 , lay] = 000023 50 US€

o, A S S
ml’ 7 " g(5)  4r(7) 16 (29)(9)

= AL m"é‘/?)

N / 35//36" prewndle
" ' )‘!O} 3 4’/{-[/##‘/
place !

s e



Example 7. Find the Taylor series approximation of In(1.17)

that guarantees an error of at most 107,
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